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ABSTRACT. The authors give a theorem concerning results which state that
the mapping having the highest rate of growth of the Jacobian, in a linearly
invariant family of locally biholomorphic mappings, have this growth regu-
lar.

1. Introduction. Regularity theorems are well known in different families
of holomorphic functions of one variable; see e.g. [BIE], [BAZ], [CAM],
[HAY], [KRZ], [LEB], [MIL], [ST1], [ST2]. For example, in the class S of
normalized univalent functions in the open unit disc A a regularity theorem
is as follows:

Theorem 1 ([HAY], [KRZ]). For every continuous function g : A — C
and r € [0,1), put M(r,g) = max|c|=, [9(¢)|. If f € S, then there exist the

limits ) 5
1-— 1-—
lim ﬂM(r, ), lim (L=7)
r—1- r r—1—- 147

M(r, f');

1991 Mathematics Subject Classification. Primary 32H02; Secondary 30C55.
Key words and phrases. locally biholomorphic mappings, linearly invariant families,
regularity theorems.



62 P. Liczberski and V.V. Starkov

they both equal the same number 6y = § € [0,1] and 6 = 1 only for the
Koebe function K, (¢) = ¢(1—Ce™™)~2. Moreover, if f € S and § # 1, then

functions @M(r, 1), (11;:")3 M(r, f") decrease on the interval [0,1), but

if f €S and 6 # 0, then for every 6 € [0,2m) functions % ‘f(?“ew)},

3 .
% ’f’(releﬂ do not increase and there exists a unique number 0 €

[0,27) such that

0 for 0 =0y

(1=
lim .
0 for 0 # 0y

r—1- r

r)? 0 (A=)
K3 — 1 K2 —
#re®)| = tim SR (e
Similar regularity theorems for any linearly invariant families of finite
order (of locally univalent functions in the unit disc A) have been given in
papers [CAM] and [ST1], [ST2].
In this paper we will consider the case of holomorphic mappings in C”.

2. Preliminaries. Let us denote by B™ the unit ball {z = (21,...,2,) €

C™: (z, z>% < 1}, where (-,-) is the euclidean inner product; for r > 0 let
B! == rB". Let A be the set of all biholomorphic automorphisms of the ball
B™. If D*f(z) is the k-th Fréchet differential of the mapping f at the point
z, then J¢(z) := det Df(z), but D?f(z)(w,) is a linear bounded operator
from C™ into itself, which is obtained by the restriction of the symmetrical
bilinear operator D?f(z) to w x C". Let £S™ stand for the family of all
holomorphic mappings f : B® — C™ normalized by the conditions

Ji(2) #0, DF(0) =1, £(0)=0.

For every ¢ € A we will consider an operator A, defined on the set LS™
as follows:

Ay (£)(2) = (Dp(0)) "1 (D f((0)) " (f(9(2)) = F(¢(0)), 2 € B™.

A family 9t CLS" is called linearly invariant family if for every f € 9t and
every ¢ € A the mapping A, (f) also belongs to 91; (usually, we will write
M €LZF). The quantity

1
ord M = — sup max {tr sz(O)(w,-)‘
2 jem llwl=1

is called the order of a family 9t € LZF. This definition of the order of a
family 9 €LZF comes from J.A. Pfaltzgraff (see [PFA]), but a similar idea
has been presented in [BFG| by R.W. Barnard, C.H. FitzGerald and S.
Gong.
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In this paper we will only consider the case when ord 9 < oo.
In [PFA] it is shown that if ord M = « for a family 9 €LZF, then
> "T“ and the following inequality holds for f € I

n+1 n+1

A=l < Al
atntl  — - a+4ntl
(L [zl (L= fl=l)>r

(2.1) z € B".

A complete proof of the sharpness of estimates (2.1) is given in our paper
[LST].

For n = 2 the above result was obtained by R.W. Barnard, C.H. FitzGer-
ald and S. Gong in [BFG], but under the additional assumption that all
mappings f € 9 are biholomorphic.

Let f € LS™; the order of the family M, := {A,(f) : ¢ € A} belonging
to LIF will be called the order of the mapping f. In [GLS] it was shown
that the number ord f determines the rate of growth of |JA¢(f)(z)| . To be
more precise, ord f is the infimum of all numbers « such that for every
p € A and z € B™ holds the following estimate

(L+[zl)>="
(L= [zl)ot=s

(2.2) [ Ta,(5)(2)] <

We will use the following universal linearly invariant family

o = J{M €LIF :ord M < a}.

3. Regularity theorem. For every continuous function ¢ : B" — C
and r € [0,1) put, similarly as above,

M(r,g) = fax lg(2)].

Theorem 2. If f € U, then:

n+1
(1—r)** 2

(i) M(r,Jy) T 1S a non-increasing function on the interval [0, 1)
(14r)*" 2
at n+1
and for every v € 0B™ |J¢ (rv) A=r)"" = | is also non-increasing on [0,1).
(1+r)o= "

(ii) There ezists a vector vg = vo(f) € OB™ and a number oy = do(f) €
[0,1] such that

ntl n+41
. (1—7"0‘""2 ) (1_7,04-1—72

3.1 lim M(r,J;)————+ =g = lim |J; (rvg)| ———+,
( ) r—1-— ( f) (1 —+ T‘)O‘*% 0 r—1-— ’ ! ( O)‘ (1 + T)af—;l
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d 1— )t
lim M(r, —J¢(rv)) (=) — =0
r—1n dr (n+Dr+2a)(1+r)2 2
(3.2) nis )
. d (1 — T)O‘Jr 2
lim sup | —J (rvg) -5 = %0
r—1- |dr (n+1)r+2a)(1+r)* "2z
) " d 1— )t
lim. M (p, *Jf(P’U))dP()j = do
r—1=Jo dp (I+r)e =2
(3.3) ) -
lim iJ (pvo)) dpw -5
r—1-Jo |dp™ VT e T

The vector vo = vo(f) € OB™ will be called the direction of the mazimal
growth of the mapping f € U,.
(iii) If in part (i) vo = (1,0,...,0), then 6o = do(f) = 1 if and only if

n+1

(1+21)4 2

3.4 J = —
( ) f(Zlv[)) (1_21)a+'n-2{—1

= F(Zl), z1 € A.

However, if n > 1, then there exist infinitely many mappings f € U, for
which relation (3.4) is fulfilled.

Proof. For an arbitrarily fixed point a € B, let s = y/1 — ||a]|* and for
z € B"
(z,a)
Py(s) = Ve foraF0 o a—sit(s-DR()
0 fora =0 1—(z,a)

Then, (see [RUD)):

Pa € Av @a(o) = 0’ D(pa(o) = _S(I+ (S - 1)Pa)’ D@a(o)(a) = —820,,

n+1

82

‘J“’“(Z)':<u—<m>\2> L e O =5 (@) =50,

Let us fix f € 4, and v € 9B". Then, using the above properties of the
mappings ¢,, for every t € [0,27) and every a € B™ — {0} such that

Tal] = V> We obtain the following relations

d i
4”1 (Palre "))jp=0 =

it it

DJ¢(a)Dya(0) (e ) = DJf<a>Dsoa<o><a><H‘iTH> = DJs(a)(a)(—s* 1

).

lall
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Thus,

d it 2 it
(3.5) d—pJf(cpa(pe V))|p=0 = —s-€" DJs(a)(v).
On the other hand, ord i, = « and for ¢ € A

(o) — DI
’ J1((0))J,(0)°
so putting in (2.2) z = pe‘lv = pe“ﬁ and ¢ = ¢, we have

n+1

(14t
(1= p)at=s

Jr(¢a(pe'v)) o, (pe'v)
J1(a)J, (0)

This inequality remains true also after differentiation with respect to p at
the point p = 0. Therefore, using elementary calculations and the properties
of the mapping ¢,, we obtain for every ¢ € [0, 27)

(3.6) R [e“ (W + [la|| (n + 1))] < 2a.

We will prove now the claim (i) of our theorem.
Let t = 7 and let r := ||a]| vary in the interval [0,1). Then the above
inequality can be rewritten in the following equivalent form

log ‘

L Je(rv) ~ (n+1r+2a <0
J¢(rv) 1—r2 -

Since the left side of this inequality is the derivative of the function

"(n+1)p+ 2 (1—r)otss
log |J¢(rv —/ ————dp=log | |J¢(rv)| ———— |,
) - [ A 5t

Q+L+1
with respect to r, log <|J #(rv)] A=r"" %) is a non-increasing function of
(14r)> "2
the variable r € [0,1). This gives the second part of claim (i).
Now let 71,72 € [0,1) be fixed but arbitrary numbers such that r < rs.
Since J(ryB™) is a compact set, there exists a point vy € dB™ such that
M(ry,Jg) = |Jf (rav2)|. Using the second part of (i) (proved above), we

have - -
(1—r)ot = 1—r)ot =
g = |Jf(rve)|
(IT+7r)> 2 (T+7r)> 2

(L—rp)t s

sl f T2U2 n+ ]27 n
(1 r )Oé 1 f (1 )Oé*‘;l

M(T17 Jf)

1
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Hence N .
1y Yok 2t 1 — po)ot™st
M(rl,Jf)% 2 M(“v#)%‘

(14 r) (1+72)0

This proves the first part of claim (i).

Now we will prove claim (ii) of our theorem.

We start with the proof of equality (3.1).

Part (i), (proved above), implies that there exist both limits in (3.1). If
we denote the first limit by dp and the second limit by d;, then dg, d; € [0, 1],
because M (0, J¢) = |J; (0)] = 1. It is sufficient to prove that §y = ¢; for
some vy € OB™. For every r € [0,1) the function |J¢(2)| is continuous on
the compact set 9(rB"™), so there exists a point v(r) € 9(B"™) such that
M(r,Jg) = |Js(rv(r))|. Let (r,) be an increasing sequence of numbers

€ [0,1), convergent to 1 and such that the corresponding sequence (v, )
of points v(r,) € 9(B™) tends to a point vy € IB™ if v tends to infinity.
Let r € [0,1) be fixed but arbitrary. Then r € [0,r,) for sufficiently large
v, so by the definition of v(r) and by part (i)

n+1 B a+n~2l»1
M(r,m(”—m > |7y (ruy)) L2
+T)a _i_r)a* )

' s |yt

> |y mvy)r%:ww)( r)T

(L)t Lt 7)o

If v — o0, then from the above, in view of continuity of |J¢| and in view of
the definition of dy, we have

1—r at ot 1—7r a5
M(r, Jf)()j > |Jy (rvo)| ()j > do.
(L47r)* 2 (1+r)2"2

If » — 17, then using the definition of numbers &g, §;, we obtain dy > §; >
do. This proves the announced equality g = d1.

Now we will prove equalities (3.2).

Since t is arbitrary, (3.6) implies

2 [DJy(a)(v) | lal| (n+1) < 2a.

Jy(a)
Thus, after introducing the variable r := |la||, ranging over the interval
[0,1), we have
4 Ji(rv) < (n+1)r+ 204‘

J¢(rv) 1—12
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Therefore, by (2.1) we obtain

LI0)| < (n+ )r+20)(1 =) [y ()
(3.7) s
< ((n+1)r +2a) (1 J_r :;awgs .

This implies the existence of a finite upper limit in (3.2) which is denoted
by 62. We will show that do = §y. From the definition of the number §, it
follows that for every € > 0 there exists a number ¢ € [0,1) such that

(1+ 7“)“_“7+3

<(b2+e)((n+1)r+2a)(1— 1"2)(1_74)—0[_’_#

d
‘erf(rvo)

for every r € [ro,1) and vg € 9B™. From this we obtain

[T (rvo)| = |J¢(rovo)| = lexp(Rlog Jy(pvo))]p=7,

d
r 57 (pv) r
— [Vt Ry < [
To To

+(ov) v

d
a7 (Pvo)

n+3
2

anIO

at+ ==

[e%

S(52+€)/r((n—l—l)p+2a) ig

(

(
(1+r)2=" (14 ro)a—”il]

1= 7o)

(1 —r)a+nT+1 a ( — 7o O‘Jr%

= (52 —i—f:‘)

Thus

n+1

3.8) |J¢(rvg)| — |Jf(rove)| < (02 + € T
(3:8) [Jy(rvo)l = [Jf(rovo)| < (62 +€) ) (=)t

1+r)2"" (14 ro)a—”il]

+1
(1-—n)t

Multiplying both sides of this inequality by ﬁ, we obtain as
(14r)*~ 72
r— 17,
1 - a+ n-2¢—1
hm |Jf (T’UO)| (T)—W S 52 +5,
r—1- (1 + T‘)O‘_T

which, in view of the definition of &y, gives dp < d2. From inequality (3.7) it
also follows that for vg € 9B™ and r € [0,1)

(1—r)ots 1—r)t s
—azm < |y (roo)|
(n+1)r+2a)(1+7r)* "2 (I4r)> "=

(3.9) ‘;Jf(rvo)
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From this by the definition of &y, d2, we deduce that do < &g. Hence do = dg.
Similarly, we show that d3 = dg, where

_ a—&-”TH
03 = lim M(r, iJf( v)) (L—7) —7-
r—1- dr (n+Dr+2a)(1+r)* "2

It remains to show that the first limit appearing in (3.2) does exist, but
we will do it latter.

Now, we will prove equalities (3.3).

First, observe that we can replace the integrals

(1—p)otr s /T d (1—rp)atie

M(p, —J¢(pv))dp——"——77 » —J(pvo))|dp pES,

/ Rt A Pl K
by the integrals

(1—r)o+ s / d (L—r)+ s

M(p, —J¢(pv))dp—————7 —J(pvo))| dp————57»

/ ) (1—1—7“)0‘_i ro | AP r(pvo)) (1+r)a_%

with an rg € [0,1). This follows directly from the additivity of the integral
and the fact that lim, ;- (1 —r)>+t"s = 0.

We now start with the proof of the first equality in (3.3). From (3.8) it
follows that for every € > 0 there exists a number ro € [0,1) such that for
r € [ro, 1)

n

(142" (14"
Je(rvg)| — |J¢(rovo)| < p(r) < (92 + € — — — )
o) = o) < p(r) < (02 €)=
with
(3.10) / M(p, —Js(pv))dp.
Multiplying both sides of the last inequality by (17”)77#1, we obtain, as
(14r)*~
r—17,
1 oL 1 a+"+1
do < lim infp(r)(r)—,jr1 < lim supp(r)(r—n+1 < +e.
R (1+r)"z r—1- (1+7r)>

Thus

1— )t

. (
3.11 lim p(r)~————— = 4.
(3.11) T p(r) e =
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Now, we will prove the second equality in (3.3). From (3.8) it follows that

"ld
[T (rvo)| = [T (rovo)| < [ | =T (pvo)) | dp < p(r).
dp
7o
- n+1
Multiplying both sides of the last inequality by %, we have, as
14+r)*" 72
r—17,
("] d (1—r)ot™s
0o < lim —J(pvo)) | dp—— < do.
oS um o ldp £(pvo)) p(1+r)°‘—% 0
Thus N
, "l d (1— )t
lim —J ¢ (pvo ‘dpn1 =4
ol v dp f( )) (1—|—T)a_ -2¢- 0

Now we will show the existence of the first limit appearing in (3.2).
To this end we use the following two results:

Lemma 1 ([HAR, Thm. 112]). Let p be a differentiable function of the
variable v € [0,1) such that p'(r) does not decrease. If for a positive real
number 3 > 0, lim,_,;— p(r)(1—7)? =~ > 0, then lim,_,- p'(r)(1—7)*+1 =
8.

Lemma 2 ([CHA]). Let Q C C" be a bounded domain and:

(i) h = (h1, ..., hp) : @ — C™ is a holomorphic mapping in 2 and contin-
uous on Q, having no zeros on 05, whereas in ) it has only isolated zeros of
order k in the following sense: h(a) = 0, the functions h;, j = 1,...,n expand
in some neighborhood ||z — a|| < 7 in a series of homogeneous polynomials
Yook Qii(z — a) and the system of equations Q;i(w) =0, j = 1,...,n has
only the trivial solution,

(i) g : © — C is a holomorphic function in §2, continuous on €, such
that if a is an isolated zero of order k of the mapping h, then the function
g has a zero of order no less than k at a.

Then the function

: |g(w)| 5
p(z) = limsup , z€8Q,

satisfies the mazimum principle in € in the following sense

supp(z) = sup p(z).
z2eQ z€0Q
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Now, observe that Lemma 2, (Chadzynski’s maximum principle), gives
the equality
DJ DJ
L IDLEE] DL e
lzli<r 2]l lzli=r |z

We conclude from this that M (r, <£.J¢(rv)) is a non-decreasing function of
the variable r € [0, 1), because

@ 11 (r0) = ma [P EIC]
M(r, g Ts(rv)) = max =—=F 7=

This property of M(r, d%Jf(rv)) shows that the function p, defined in
(3.10), is differentiable, p'(r) = M(r, L J;(rv)) for r € [0,1) and p’ does
not decrease. We can now apply Lemma 1. Then, from (3.11) we obtain

_ ot
lim M(r,iJf(rv)) (1=r)

r—1- dr ((n+ 1)r +20)(1 + r)o="2"
n 1
= lim p'(r)(1 — )" — = dp.
r—1- ) ) ((n+1)r+2a)(1+r)> 3 0

This completes the proof of part (ii) of our theorem.
We will now prove part (iii).
If f belongs to Y, and satisfies condition (3.6), then dy = 1, because

1 — o+ttt
tim [ (rog)] LT 2
r—1- (1 —|—r)afT

=1.

Let us now assume that for a mapping f* € i, we have Jo(f*) = 1 and
vo = (1,0, ...,0), that is

1— )t s
lim |J¢= (rvo)| (r)—nﬂ =1.
r—1- (1 + T)O‘_T
Then, from part (i) of claim it follows that
1+ 7)ot
(3.12) - (o)l = S — R,

n+1
2

(1 —r)>

because Jy- (0) = 1. Let us denote Jp- (21v9) = F(21)e™¥*1) | where 1(2)
is a function holomorphic in the unit disc A. From (3.12) it follows that
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the values of ¢ are real for z; = r € [0,1). Let a1 € A, a = ajvy and
9°(2) = Ag, (F)(2). Then, pa(2) = #2220, and

i ()|
|J = (a1vo)| |1 — (210, a)

’Jg* (ZlU0)| = ’n+1

P () exoliv (22|
[P () expliv(a)] 1 - aze [

Consequently,
Rlog Jg+ (z1v0) =

ay — 21 -
(3.13) %{IOgF (1—a1zl> —log F(a1) — (n+1)log(1 — a1z1)

() v}

Let us put 27 = pe®®, s € R, p € [0,1) in the above equality. If we denote
ws = €"*vg € OB", then after the differentiation of (3.13) with respect to p,
we obtain at p = 0,

d
d ;0" ( pws) ’p=0
%{log.]* ws} =R 2L
ap 18 s ( pws) - { Jg+ (0)

— Reis F’(al) a2_ n T+ i (a a2—
_ {F<a1)<'1' 1)+ (n+ 1) + i (ar) o] 1)}-

Since ¢g* € i, we get from (3.7)

< 2a.

‘ ( pws) |p 0

Thus

F/(al) 2 .y 2
(lar|” = 1) + (n+ Dag + i’ (a1)(Jar|” — 1)| < 2a.
F(a1)
Choosing a; = r € [0,1) we obtain

(3.14) |20 +i(1 = 7)Y/ (r)| < 2a,
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because
F'(r)  (n+1)r+2a

F(r) 1—1r2

However, 1 (r) is real, and so is ¢/(r). Thus, inequality (3.14) holds only
if ¢'(r) = 0. This equality with arbitrary » € [0,1) and the uniqueness
theorem imply ¢’(z1) = 0 for z; € A. Therefore, by the normalization
1(0) = 0 we obtain 1(z1) = 0. Consequently, J¢« (z1v9) = F(z1).

In [GLS] it was shown that the mapping

f(z) = (/OZI h1(C)dC, zaho(21)y ey 2nhn(21)), 2= (21, ..., 2n) € B",

belongs to i, for all nonvanishing functions h;(z1), j = 1, ..., n, holomorphic
in A and fulfilling the condition

n n41
1—|—z a— 5

| O R R

j=1 (1_21) 2

Therefore §o = do(f) = 1 for this mapping f and every nonvanishing func-
tion hy holomorphic in A which generates such an f with §o(f) =1. O
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