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ABSTRACT. In this paper we investigate some properties of the derivative
of functions in the Q, spaces. We first show that T'(r, f’), the Nevanlinna
characteristic of the derivative of a function f € Qp, 0 < p < 1, satisfies

1
./0 1-=r)? exp(ZT(r, f’))dr < 00,

and that this estimate is sharp in a very strong sense, extending thus a
similar result of Kennedy for functions in the Nevanlinna class.

We also obtain several results concerning the radial growth of the deriv-
ative of Q) functions.

1. Introduction and statements of results. Let A denote the unit disk
{z € C: |z|] < 1}. The Nevanlinna characteristic of an analytic function f

2000 Mathematics Subject Classification. Primary 30D50, 30D45; Secondary 30B10,
31A15.

Key words and phrases. @p spaces, Bloch spaces, BMOA, Dirichlet class, Nevanlinna
characteristic, radial variation, Hadamard gaps.

Research partially supported by Grants from the D.G.E.S. (Spain) PB97-1081, and
from La Junta de Andalucia FQM-210



24 C. Gonzalez and M.A. Marquez

in A is defined by

17 |
T(T’f)I%/ log™|f(re'®)|d, 0<r<1.

The Nevanlinna class N consists of functions f analytic in A such that

sup T'(r, f) < 0.
0<r<1

It is well known that the condition f € N does not imply f € N. This was
first proved by O. Frostman [11], who showed the existence of a Blaschke
product whose derivative is not of bounded characteristic. Subsequently
many other examples have been given. Kennedy [17] obtained the sharp
bound on the growth of T'(r, f') for f € N. Namely, he proved that if
f € N, then

(1) /0 (1—r) exp(2T(7‘, f/))dr < 00,

and showed that this result is sharp in the sense that if ¢ is a positive
increasing function in (0, 1) which satisfies certain “regularity conditions”
and is such that

/0 (I1—r) exp(2gb(r))dr < 00,

then there exists f € N such that T'(r, f’) > ¢(r) for all r sufficiently close
to 1.
Since T'(r, ') is an increasing function of r, (1) easily implies for f € N

(2) log —T(r,f') — occasr— 1.

1—r

For 0 < p < oo the following spaces are defined:

Qp = {f analytic in A : sup //A}f/(z)‘Qg(z,a)pda:dy < oo},

a€A

Qpo = {f analytic in A : lim //A‘f/(z)lzg(z,a)pda:dy _ 0}7

la|—1

where ¢(z,a) is the Green function of A, given by

-
g(z.0) = log| ———|.
Z—a
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These spaces were introduced by R. Aulaskari and P. Lappan in [3] while
looking for new characterizations of Bloch functions. They proved that for
p>1,

Qp =B, and Qp,0 = Bo.

Recall that the Bloch space B and the little Bloch space By consist, re-
spectively, of those functions f analytic in A for which (see [1] for more
information on these spaces)

sup(l — ]2\2)}]‘"(2')‘ < 00, and lim (1 — |z|2)‘f’(z)| =0.

zZEA [z]—1
In fact, @, spaces put under the same frame a number of important spaces
of functions analytic in A. We have, using one of the many characterizations

of the spaces BMOA and VMOA (see, e.g., [6,12]):
Q1= BMOA, and Q0= VMOA.

We refer to [2,5,4,9] for more properties of @, spaces.It is shown in [5], that
Q@ spaces increase with increasing p,

(3) Qp C Qy C BMOA, O<p<g<l,

all the inclusions being strict.

The first object of this paper is to study the possibility of extending
Kennedy’s results to @), spaces. First of all, let us notice that the function
f constructed by Kennedy to show the sharpness of (1) was given by a
power series with Hadamard gaps, i.e., of the form

o0
_ Nk Nk+1
f(2) ,;]Ckz , - >A>1,
and such that Y |cx|? < co. Such a function belongs to BMOA (see
[6, p. 25]) and, even more, to VMOA. Since VMOA C BMOA C HP C N,
0 < p < oo, (we refer to [8] for the theory of H? spaces,) it follows that (1)
is sharp for VM OA = Q1,0 and, hence, for BMOA = ), and for all H?
spaces with 0 < p < co. On the other hand, we remark that Girela [13]
showed that (1) can be improved for the Dirichlet class D, consisting of all
analytic functions in A with a finite Dirichlet integral, i.e., such that

//A]f’(z)fdxdy < 0.

It is worth noticing that D C @, for all p > 0, the inclusion being strict,
see [5].
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Now we turn to @, spaces with p > 1. As said before, ), = B and
Qp,0 = By for all p > 1. We have the following trivial estimate:

1
feB = T(rf)<log .

+0 (1), asr—1.
—r

Girela [14] proved that this is sharp in the sense that there exists f € B
such that

log —T(r, fY=0 (1), asr—1,

1—r

and, consequently,

/0 (1—r)exp(2T(r, f'))dr = .

Hence, neither (1) nor (2) is true for the Bloch space.
On the other hand, if f € By then it trivially satisfies (2). However,
Girela [14] proved that there exists f € By which does not satisfy (1).
Hence, it remains to consider @), spaces with 0 < p < 1. We can prove
the following results.

Theorem 1. If f € Q,, 0 <p <1, then
1
(4) / (1 —r)Pexp(2D(r, f'))dr < cc.
0

Corollary. If f € Qp, 0 <p <1, then

1 1
(5) ]% log —T(r, f)—o0. O

1—7r r—1

The following theorem shows the sharpness of Theorem 1.

Theorem 2. Let 0 < p < 1, and let ¢ be a positive increasing function in
(0,1) satisfying:
(i) (1-— r)pT+1 exp ¢(r) decreases as r increases in (0,1);

1—r

(i) 6(r) (o) = o0, as 7

— 0y

(iii) /O (1 —7)Pexp(26(r))dr < oo.
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Then there exists a function f €@, such that, for all r sufficiently close to
1,

(6) T(r. f) > o(r).

Now we turn our attention to study the radial growth of the derivative
of @, functions. If p > 1 and f € Q, = B then, trivially,

}f/(rew)‘ = O((l - 1")_1), as r — 1, for every 6 € R.

This is the best that can be said. Indeed, if ¢ € N is sufficiently large, there
is Cy > 0 such that

f(z):Cquqk, z €A,

k=0
satisfies f € B and
1 1 1
/ .
‘f(z)Zm if 1_q7§’2’§1_q’f7+%7
(see [19]) which implies
limsup(1 — r?)| f'(re’?)| > 1, for every 6.

r—1

If f € BMOA, then it has a finite non-tangential limit f(e'?) for almost
every 0 € R, so, by a result of Zygmund [22, p. 181], it follows that for
almost every 0,

(7) ‘f’(rew)’ :o((l—r)_1>, asr — 1.

This result is also sharp in the sense that the right hand side of (7) cannot
be substituted by O((l — r)*o‘) for any a < 1. Indeed, if

S
z) = -z, z €A,
f(2) ;k

then, since f is given by a power series with Hadamard gaps in H?, we have
f € BMOA. Also, by Lemma 1 [22, p. 197], the fact 7, + = oo implies

1
(8) / }f’(Tew)‘dT = 00, for every 0 € R.
0

Consequently, we have proved the following
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Proposition 1. There exists f € BMOA such that, for any o < 1 and
any 0

}f/(rew)} # O((l - r)_a), asr — 1.

However, an estimate which is much stronger than (7) is true for the
Dirichlet space D. Seidel and Walsh [20, Thm. 6] proved that if f € D
then, for a.e. 0,

(9) ‘f’(rewﬂ :0<(1—7")_1/2>, asr — 1,

and Girela [13] proved that this is sharp in a very strong sense.
Now, we shall consider these questions for @), spaces, 0 < p < 1. We can
prove the following results.

Theorem 3. If f € Q,, 0 <p <1, then for a.e. 0,

(10) ‘f’(rew)‘ = 0((1 - T)f(p+1)/2>, asr — 1.

Theorem 4. Let 0 < p <1, and let ¢ be a positive increasing function in
(0,1) such that

1
(11) / (1 —7)P¢*(r)dr < oco.
0
Then there exists f € Qp such that, for every 0,
. |/ (re”)]
12 lim sup —— = oc.
( ) r—l1-— qb(?“)

We remark that Theorem 4 for p = 1 represents an improvement of
Proposition 1.

Finally, let us mention that the techniques used in this work are related
to those used by Kennedy [17] and by Girela [13]. Also, we will adopt the
convention that C will always denote a positive constant, independent of r,
which may be different on other occasion.

2. Proofs of Theorems 1 and 2. Let f € @,, with 0 < p < 1. By
Jensen’s inequality, we have

exp(271(r, f')) = exp <217r/ 210g+‘f re’ ‘d@)

<exp< log 1+’f re’ ’>d9>
1
2/ 1+‘f (re’ ‘)d&.
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Multiplying by (1 — r)? and integrating, we obtain

/01(1—7«)Pexp(2T( dr<// (1= (147 (re®)[*) doar.

We now refer to [4, Thm. 1.1], where it is shown that a function f is
in Qp, 0 < p <1, if and only if du(z) = (1 — ]z\)p‘f’(z)fdxdy is a p-
Carleson measure. A p-Carleson measure is a finite Borel measure p in A

for which there exists a constant ¢ > 0 such that for all intervals I of the
form I = (6,60 + h), 6o € R and 0 < h < 1, we have

u(S(I)) < ch?,
where S(I) is the classical Carleson square,
S(I)={re" :0p <0 <by+h, 1—h<r<l}.
All this tells us that the term on the right hand side of the above inequality

is finite, and therefore Theorem 1 follows. [J

To prove Theorem 2, take 0 < p < 1, and ¢ as in the statement. Since ¢
is increasing, (iii) implies

1 1—o~(k+1)
00 > / (1 —7)Pexp(2¢(r))dr > Z/ (1 —r)Pexp(26(r))dr
0

o0

> ) "2 (RFDET exp (2¢(1 — 27F))

k=1
=2~ (PFD N "okt exp (2¢(1 — 27F)).
k=1

So (see for instance [18, Dini’s Thm, p. 297] there exists an increasing
sequence {ay} of integers greater than 2, such that

(13) ZaiQ_k(pH) exp(2¢(1 —27%)) < 0,
k=1

and

(14) ap — 00, api1/o — 1 ask —oo.

Observe that condition (13) implies

oo

(15) > bRt exp(29(1 - 277)) < oo
k=1
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Define now
(16) ny =1, Ngpy1 = ogng, k=1,2....
Clearly ng. 1 > 2% for k > 1 and by (i) we obtain
ai“n,;_(ﬁH) exp(2¢(1 — n,;il)) < ai“Qik@H) exp(2¢(1 — 27’“)),

which, together with (15) and (16), yields

(17) Zn;(pﬂ) exp(2¢(1 — n; L)) < oo.
k=1

For each k=1,2,..., set

(18) cr =10 nlzl exp(d)(l — n,;&l)),

and define the function
(19) f(z)= chz”’“, z € A.
k=1

The way in which nj and ¢ have been chosen shows that f is a power series
with Hadamard gaps defined in A. So in order to see that f € @, we will
use the following result proved in [5].

Theorem A. If0<p <1, and f(z) =Y po(ckz™ is a power series with
Hadamard gaps, then

(20) FEQy < [EQpo <= > 2P0 3" ¢ < o,
k=0 {jm;el,}

where I, = {n € N:2F <n < 2M1} k=0,1,....

For each j € N, let k(j) be the unique non-negative integer such that
2k() < n; < 2kG)+1, Bearing in mind this and (17), we have

. o
22/‘:(17},) Z ’Cj‘Q _ ZQk(])(lfp)’CjP
k=0 {im; €I} =1
=102 2k 2 exp(2(1 — nj )
j=1

o
< 10? an_(pH) exp(2¢(1 — n]__&l)) < o0.
j=1
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Hence, f € Q).

Next, we show that f satisfies (6). Observe that for £k > 2 and |z| =
1

ng’

PO 2 120 = 3 ez
j=1

k—1 0o
> cpnglz|™ =D eyl = Y emyle|™
j=1 j=k+1
1\ 7% k—1 fo%e) 1 n;
> cpny <1 — —) — E cin; — g cin; <1 — —)
ng - . ng
j=1 j=k+1

= (I) — (II) — (III).
Since the sequence (1 — L)™ increases with n, and nj > 2,

(21) (> icknk-

Now, in order to estimate (II) and (III), we will use the following lemma

stated in [17, p. 339].

Lemma 1. If {s;} is a sequence of positive numbers and si/sx+1 — 0 as
k — oo, then,

e

-1 o0
s;j = o(sg), and Z sj_l =o(sy') ask — oo.
1 j=k+1

<.
Il

Notice that by (18), (ii), (16), and (14),

CEME —1 -1
———— =exp(op(l —n —p(1—n — 00 as k — oo,
o1 Mort ( ( k1) ( k:+2))

so by the lemma,
(22) (I1) = o(exng), as k — oo.

Now using the elementary inequality (1 — z)" < 2(nx)~2, valid for 0 <
x < 1and n > 1, we obtain

oo
(23) (1 <203 Y ij
j=k+1 7
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But also, by (18), (16), (i), and (14),

nk/ck 1 exp ¢(1— k+2) (nk-+2)p§1
Mht1/Cht1 Qf expg(1— ) M+1
+
k+1 =N
(3 20)/2 < oy ) -0
so by (23) and the lemma again,
(24) (III) = o(ckny), as k — oo.

Therefore, by (21), (22), and (24), there exists kg such that for all & > ko,

1 1 1
|f/(z)‘ > g Ok Tk > expgb(l — m), |z =1-— -

Thus, for k > kg,

T(l—nlk,f’):;w/ﬂ o™ 1/(1 = )|t > 61~ ).

_r k Nk

Now, if 7 > 1—(ng,) ", take k > ko such that 1—(ng) ™' <7 < 1—(nge1) "
Since T and ¢ are increasing functions of r, we obtain

T(r,f') > T(1 - nl P> 61— —) = 6.

Nk+1

This completes the proof of Theorem 2. [

2. Proofs of Theorems 3 and 4. We start proving Theorem 3. Let
feQp. Set

F.(0) = max‘ w)’2, 0<r<l1, R
0<p<r

By the Hardy-Littlewood Maximal Theorem,

/ F.(0)do < C \f’(re”)fde, 0<r<l.

—T —T

Since g(z,0) = log ﬁ and f € @), we have

1 pm 1 pm
/ / F,.(0) (log 1)prdé’alr < C/ / }f’(rew)fg(rew, 0)Prdfdr < cc.
0J—m r 0J—m
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Hence we deduce that
1 1\
/ F.(9) (log ;) rdr < oo, a.e. 0,
0

which yields, by means of the equivalence log% ~(1—=r)asr—1,

1
lim [ Fs(0)(1—s)’ds =0, a.e. 6.

—
’I’].,r,

Since F' is an increasing function of r, we have for a.e.
} 1 — p)p+1

‘f/(rew)‘2( )
p+1

and (10) follows. O

< F.(6) /1(1 _ s)Pds < /1 FL(0)(1 — 5)Pds—s0

r—1

Proof of Theorem 4. We may assume without loss of generality that
¢(r) /oo asr /1. Also, it suffices to prove that there exist f € @, and
C > 0 such that for every 6

1 reie
(25) lim sup M > C.
r—1 ¢('f')
The reason for this is that if ¢ is a positive increasing function in (0, 1)
satisfying (11), then it is possible to find ¢, positive and increasing in
(0,1) with lim,_,; ¢1(r) = 0o, and such that

/0 (1 —7)Pe*(r) ¢2(r)dr < oco.

Clearly, if there are f € @, and C > 0 satisfying (25) for every 6, with ¢
replaced by ¢ ¢, then the same f satisfies equation (12) for every 6.
With these assumptions we may start the proof. Take a sequence

{rx} /1, with r; > 1/4, which satisfies

(26) Thtl — Tk > %(1 — 1), for all k,
(27) P(rr41)/P(rr) — 00 as k — oo,
(1=rps1) T

It follows from (26) that for all k
1
(29) 1 —rps1 < 5(1 — 1) < kg1 — Tk

Bearing this in mind, observe that for all k € N
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/Tlc+l(1 )pd 1 ((1 )1+p (1 )1+p) N 1—9—(1+p) (1 )1+p
—r)Pdr = —((1—r —(1-r —(1—r .
. 1+p k k41 < 14 k
Since ¢ is increasing, (11) implies
> l+p <« (™
Z(l — ?”k)1+27¢2(7”k) < m Z/ (1 — r)quQ(’rk)d’l”
k=1 k=1"Tk
l+p o [
(30) S [ =
k=1""k

1+p !
< Tt | (=P <o,

Now, for each k, let n; be the unique non-negative integer such that

ng < <ng—+ 1.

— Tk

This implies, together with the facts that {r} is increasing and r > 1/4,

1
, and —<ne(l—rg) <1.

1 1
(31) 11— —<r,<l- i

ng ng + 1

Define now

M]3

f(z) =) (L =r)o(r)z"".

k=1

By (30), f is analytic in A. Moreover, f is a power series with Hadamard
gaps. Indeed, by the definition of n; and by (29),

1
it S 3
Ng4+1 > 1 k+11 _ Tk _(1_7ak)>2_7>17 all k.
ng T 1=7hkt 4

We now check that f is in @,. To this end we use Theorem A. For each
J, let k(j) be the unique non-negative integer such that

ok(i) < n; < 9k()+1

In this situation, we have by (31) and (30),

Z 2k(1—p) Z (1 _ 7"]')2¢2(7"j) _ Z 2k(j)(1—p)(1 _ Tj)2¢>2(7°j)
k=0 2k<n.<2k+1 j=1

Z P(1—7;)%¢%(ry) SZ i) P@?(ry) < oo.
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This shows that f € Q.
Next, to show that f satisfies (25), it suffices to find a constant C' > 0
and kg € N such that

}f/(rke"")}

> C for every # and all k > k.
¢(7”k)

If |z| = 7 (k > 2) then, (31) and r,” <1 imply

1) 2 12(2)] = \anu —})o(r;)2"

>ne(1—1k)o Zn] (rj)ry?

J;ﬁk
2 4ot (1) = X = 3 o)1= )
= () — (1) — (I).

The procedure now is basically the same as in the proof of Theorem 2.
Since the sequence (1 — 1)™ increases with n and nj, > 2, we have (I) >
C¢(ry). Now, by (27) and Lemma 1 we obtain (II) = o(¢(r%)). Finally, as
in (23), we deduce

(I11) < 2(ny + 1)2 i ¢<7g>.

imhr1
But by (31), (28) and (30),

n/o(rs) <16 @ —7541)°¢(rj41)
n3 1 /o(rj+1) — o(1/4) (1—r;)?

- 16 (1 — Y’j+1)T L 1+p ' .
P(1/4) (1 —r;)? j—oo

so by Lemma 1,

— o(rj) (o)
> )4y

ns
j=k+1 J

which implies (IIT) = o(¢(ry)). This completes the proof of Theorem 4. [
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4. Remarks.

Remark 1. The estimate given in Theorem 3 allows us to say something
about the radial variation of functions in the @, spaces. We start recalling
some definitions. For a function f analytic in the unit disk A and 6 €
[—m, 7], the quantity

1
V(f,0) :/O /()| dr,

denotes the radial variation of f along the radius [0, %], i.e., the length of
the image of this radius under the mapping f. The exceptional set E(f)
associated to f is then defined as

E(f) = {ei‘g € 0A:V(f,0) = oo}

Since fol(l —r)~(P+D/2dr is finite if and only if p < 1, then an immediate
consequence of Theorem 3 is the following
Theorem 5. If f € Q,, 0 < p < 1, then the exceptional set E(f) has linear
measure 0.

Observe that nothing of this kind can be stated for ), with p > 1. Indeed,

as we have noticed above before Proposition 1, if f(z) = > o, %22’6, then

f€BMOA=Q; and V(f,0) = oo for every 6.
On the other hand, for functions in the Dirichlet class D = Qg there is a
more precise result due to Beurling [7].

Theorem B. If f € D, then the exceptional set E(f) has a zero logarithmic
capacity.

We refer to [10,16,21] for the definition and basic results about capaci-
ties and Hausdorff measures. We do not know whether the conclusion of
Theorem B is true for @), 0 < p < 1. However, something can be said. For
0 < p < 1, let D, be the space of functions f(z) = >~ a,z™, analytic in

A such that
oo
z:nl_p|an|2 < 0.
n=1

Zygmund proved the following result (see [16, Ch. 4]).

Theorem C. If f € D), 0 < p < 1, then the exceptional set E(f) has zero
p-capacity. Conversely, if E is a set of zero p-capacity, then there is f € D,
whose exceptional set contains E.

It is not difficult to see that f € @,, 0 < p < 1 implies f € D,. In fact,
if f(z) => . ganz™ € Qp, 0 < p < 1, there exists C' > 0 such that

// ‘f/<z)‘2gp(z,a)dxdy < C, for all @ € A.
A
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In particular, we have for a = 0, using properties of the Beta function and
Stirling’s formula for the Gamma function: T'(t 4 1) ~ tte=*(27t)'/2,

1 ™ o0 1
~ 1 1
oo>/ / }f’(rew)flogp —rdrdf = g n2\an]2/ r2"~1ogP ~dr
0 J-n r — 0 r

oo 1 oo
> Z nQ\anP/ r2 =1 — r)Pdr = Z n?|a,|?B(2n,p + 1)
n=1 0

n=1
[*S)

o0
r2n)l(p+1)
_ 21 (2 1-p|, |2,
nzzln jn| T(2n+p+1) Z jn|

Therefore, an immediate consequence of Zygmund’s result is the following

Theorem 6. If f € Q,, 0 < p < 1, then the exceptional set E(f) has zero
p-capacity.

However, we do not know whether for a given set F of null p-capacity
there is f € @), whose exceptional set contains E.

Remark 2. From Beurling’s result (Theorem B), it follows that any f € D
has non-tangential limit everywhere except for a set of null logarithmic
capacity, and then

(32) }f’(rew)‘ = 0((1 — r)_l) asr — 1,
whenever e is a point at which f has a finite non-tangential limit.

This implies that for f € D the estimate (32) holds for every 6 € (—, 7],
except for a set of null logarithmic capacity. Girela [15] showed that this
estimate is sharp in a very strong sense. In our case, using Theorem 6

and (32), we obtain a similar result for @,, 0 < p < 1, although we do not
know whether it is sharp in the sense given by Girela.

Theorem 7. If f € Q,, 0 <p <1, then
|F(re®)| = o((1=7)"") as T — 1,
for every 0 € (—m, |, except for a set of null p-capacity.
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