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Isoptics of open rosettes

ABSTRACT. In this paper we introduce the notion of an open rosette and its
isoptics and prove some theorems such as the sine theorem and its inverse in
this framework.

Definition 1. A plane open curve C with positive curvature is said to be
an open rosette.

Let C': z = z(t), t € R be an open rosette and choose a coordinate system
with point O as its center. We choose such tg € R that tangent line to C
in z(tp) is perpendicular to Oz-axis. If there are many such points we can
choose any of them. Next, at a point z(t) we define vector e = cost+isint
(as in Figure 1) where ¢ is oriented angle between the positive direction of
Oz-axis and e*. Now we are going to define an oriented support function
p(t) of curve C. If € points to a half plane which doesn’t contain the origin
of the coordinate system we define p(t) as ordinary distance between O and
tangent line at z(¢). If not we define p(¢) as minus ordinary distance.
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FIGURE 1. A support function of an open rosette.

Theorem 1. Let C be an open rosette. Then the rosette C' can be parame-
trized by 4 '
2(t) = p(t)e + p/(t)ie”
where t € (a,b), a,b € R, and p(t) is its support function.
Proof of this fact is well known and can be found in [7].

Remark 1. Curvature of an open rosette parametrized by the support
function is given by
1
k(t) = ————, te€(a,b
() p(t)—i—p//(t), ( ’ )
Since we assume that rosette has positive curvature, the function p(t) is at
least of class C?.

Example 1. Consider curve with the following support function
1

p(t) = o for t € (0,m).

Then
" sin?t 4 2sint cos® t
p(t) = —
sin* ¢

k(t) > 0 for t € (0,7) so it is an open rosette.
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FIGURE 2. Example 1.

Example 2. Consider another function
p(t)=1t* forteR.

Then
p(t) =2
and we get an open rosette.

VA EN

Ficure 3. Example 2.

Remark 2. In the further part of this paper we consider only open rosettes
for which ¢t € R.

Let C be on open rosette with a support function p(t), t € R. We fix a
point z(tg) and denote the tangent line to C' at z(tg) by lyp. Next, we choose



122 D. Szalkowski

t1, to < t1 closest to ty in the sense of parametrization and we denote the
tangent line at this point by l;. We choose t1 in such a way that an angle
between tangents [y and [ equals m — a (see Figure 4).

z(tp)

FIGURE 4. a-isoptic of open rosette.

Definition 2. The cut locus of common points of the tangents [y and Iy
forms a-isoptic of the 1-st order of an open rosette. We denote it by C 4.

Remark 3. In the same manner as in [5] and [1] we show that
t1 =1+ «

and ( )
_ it _ p+a)y . i
Za1(t) = p(t)e” + < p(t) cot o + p— > ie’.

We define the following points
to=t1+2rn =ty + a+ 27
tg=to+2r =ty + a+4r

We denote by [y, la, ..., lg, ... (see Figure 5) tangent lines to C' at these
points.

Definition 3. The cut locus of common points of the tangents [y and [
forms a-isoptic of k-th order of an open rosette. We denote this curve by
Ck,o and call it k, a-isoptic.
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z(13)

FIGURE 5. k, a-isoptics of an open rosette.

Remark 4. Let C be an open rosette. Since t € R then t; = to+a+2(k —
1)m € R, so there exists k, a-isoptic for any k.

ei t+2 (k—1) n+a)

FIGURE 6. Parametrization of an k, a-isoptic.
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Theorem 2 (Parametrization of k, a-isoptic). For a-isoptic of k-th order
of an open rosette we have the following equation

LOEHAS A

sin o

Zax(t) = p(t)e + <—p(t) cot a +
fort e Rk e N.
Proof. For u = a+bi, w = ¢+ di we denote [u, w] = ad —bc. Then we have
a(t) = 2(t) — (1)
=p(t)cost — p'(t)sint — p(t +2(k — 1)7 + «) cos(t + )
+ 9/ (t +2(k — )7 + a)sin(t + )
+ (p(t)sint + p'(t) cost — p(t + 2(k — 1) + a) sin(t + «)
—p'(t +2(k — 1) + a) cos(t + a)) 4,
b(t) = [q(t),e"] = p(t+2(k—1)m+a) sina+p/ (t+2(k—1)m+a) cosa—p'(t),
B(t) = [q(t),ieit] = p(t)—p(t+2(k—1)m+a) cos a+p'(t+2(k—1)m+a) sin .
We can write a parametrization of a k, a-isoptic as
Zag(t) = 2(t) + A(t)ie™
or
Zag(t) = 2(t 4+ 2(k — 1)1 4 @) 4 p(t)ie!tH2E-m+a)
where A(t) and u(t) are functions of the appropriate class. Thus, we have
2(t) + A(t)ie™ = z2(t + 2(k — D)7 + a) + p(t)ie?tT2E—Drte)
and hence
2(t) — 2(t + 2(k — 1)1 + ) = p(t)ieF2E=DTa) _ \(1)jett,
Multiplying the above equations by e and ie® we obtain

[do—z@+mk—nw+a%aq:[MwwW“wAWﬂﬂ—A@w%aﬂ

[2(t) — 2(t + 2(k — )7 + a),ie"] = [u(t)iei(t“(k*l)”“‘) — A(t)ie™, ieit] .
Making use of the fact that left-hand sides are equal b(t) and B(t) we obtain
A(t) — p(t) cosae = b(t)

—u(t)sina = B(t)

which gives
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Combining this we obtain
Zak(t) = 2(t) + A(t)ie'®

p(t+2(k—1)m + a)> ot

= p(t)e + (—p(t) cot a + o
Example 3. Let us consider the following function
p(t)=1t> forteR.
We have the following parametrization of its k, a-isoptics
(t+2(k — 1) + a)?
sin «

Zag(t) = t2e + <—t2 cot o + ) ie't  fort € R.

FIGURE 7. Sine theorem.

Theorem 3 (Sine theorem). Under the notations of Figure 7 for an open
rosette C' and its a-isoptic of k-th order the following equalities hold

lg@)] _ A@) _ p(d)

sina siné  sing’
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Proof. We have
V(t) = R(t+2(k—1)m + a)cosa — R(t) + B(t),
B'(t) = R(t +2(k — 1)7 + a) sina — b(t),

where R(t) = p(t) + p”(t) is the curvature radius of curve C. Next, we
obtain

where
o(t) = B(t) + b(t) cot a.

It is obvious that

% [ie™, 2L, (t)] = % |ie™ | |24,()] sin &
S0 )
"zt )
e sizé( . [2a0)]
We have
[ie™, 20, (t)] = A(t)
and
@ sin « '

It is a simple matter to check that

b2(t) + B2(1)

la()] = o

SO ‘Z, (t)| — M

s S &«
lg)] _ A®)

sina siné’
In the same manner we can see that

1 [Z-ei(t+2(k71)7r+a)’ z;(t)} _ 1 ’iei(t+2(k71)ﬂ'+a) |20, (1) sin
2 2
S0
[iei(t+2(k_1)7r+a), Z(/l(t)] )
5 = ‘Za(t)‘ .
mnmn
Hence

|:Z-ei(t+2(k—1)7r+a)’z(lx(t)i| _ M(t)

and we obtain
pt) g

sinp  sina’
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Summarizing we have

lg@] _ A@) _ p()

sina  siné  sinp’

We now consider the inverse problem. We will prove the following:

Theorem 4. Let C : z(t) = p(t)e™ + p/(t)ie" be a given open rosette and v
be an open curve. Assume that there exists differentiable function ¢ : R — R
such that, the tangent lines to C' at z(t) and z(¢(t)) intersect for each t at
some point of v. We assume that at these points the sine formula holds.
Then ~ is an isoptic of C' for some k and .

Proof. The function ¢(t) defines the function a(t), 0 < a(t) < m, which
represents the oriented angle between the tangent lines to C' at z(t) and
z(¢(t)). It is easily seen that ¢(t) =t + 2(k — 1)m + a(t) for some uniquely
determined integer k.

Analogously to the proof of Theorem 2 we obtain parametrization of curve
~:

(0 =00 + (=plo)cotalt) + s

a(t)p(t +2(k-1)m+ a(t))> ie't

and values of

M) = —p(t) cot a(t) — p'(t) + DU 2E = D1+ b))

sin a(t)

p(t)
sin a(t)
Under the assumptions of theorem we have

)\L(t) 1y(t)

siné  sinp’

—p/(t+2(k = D)m+aft)).

py(t) = p(t+2(k — 1)m+ «a(t)) cot au(t) —

The above condition is equivalent to

Ay(2) _ iy (2)
[ieit, 20 (6)]  [ieitH20—Dmra®) 22 (1)]

From this formula it follows that

[ie™, 2L (1)] = M (1)
and
[i€i<t+2(k—1)w+a<t)>, z;(t)} = 11, (1) (1 + & (1)).

Thus we obtain
Ay (1) piy (1)
M) ()1 + /(1))

o (t) =0

SO
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which means that «(t) = const. O

1

2l
3]
(4]
5]
(6]

(7l
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