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Curvatures for horizontal lift
of a Riemannian metric

ABSTRACT. In this paper we give formulas for coefficients of linear connection
and basic curvatures of the bundle of volume forms with the horizontal lift of
metric.

1. Introduction. Kurek in [4] defined the horizontal lift of a linear con-
nection on a manifold M to the bundle of linear frames. Mikulski in [7] de-
duced natural linear operators transforming vector fields from n-dimensional
manifold M to the vector bundle 7)) and in [6] the author defined the
natural vector bundle 7©9:¢Af associated to the principal bundle LM of
linear frames on the smooth manifold M. On the other hand, Mozgawa and
Miernowski in [5] presented a systematic approach of basic types of tensor
with respect to a symmetric linear connection to the horizontal lift to the
bundle of volume forms. In the present paper we are going to determine
coefficients of a linear connection and its basic curvatures of the bundle of
volume forms with the horizontal lift of a Riemannian metric.

Let M be an orientable n-dimensional manifold equipped with Riemann-
ian metric g = (g;;) and let V' be the bundle of volume forms over M.

Throughout the paper we assume that m,n,... =1,2,3,... and indices
a,0B,...=0,1,2,.... The Einstein summation convention will be used with
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respect to these system of indices. We also denote that
1
F:[am] 5 < :a|n - :n\a) )
1
1_‘:(a|n) 5 (F:am + Frn\ )
1
2

F[zkr <szrnt\] F]krnt\z)

ntlj] =

and we will use the following convention g;; = %g;f (see [3]).
Let M be equipped with the Levi-Civita connection Ff] Then Ff’j are
given by the following expressions (see [2])

1
L7 = 50" (95ki + 9rils = itk

where (gij ) is the inverse matrix to (gs;).
Moreover, the differentiability conditions for the existence of such a vol-
ume forms in local coordinates are given by

Lemma 1.1 ([9], [1]). The Christoffel symbols for the metric g satisfy the
following equality
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In the sequel of the paper we make use of the following theorem.

Theorem 1.2 ([5]). Let g be a Riemannian metric on M. Then v = g/
a Riemannian metric on 'V and

[ 1 rfk ]
7= Th gij+ szr

7_1 _ (,-Yij) 1 +gzjrk Ft _gz_]l"fk '
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2. Curvatures of the lifted metric. In this chapter we prove some basic

facts on the properties of the curvatures of the lifted metric to the bundle
of volume forms on M.

Theorem 2.1. The Levi—Civita connection fgﬁ for the horizontal lift metric
v are giwen by the following formulas:
(b) Fgo = 0
(C) 0 =0,
(d) Thun = T
(e) T
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Proof. Ad. (a). From the formula for a Levi-Civita connection we have
~ 1
FOn - 5 (Vna\o + Yoaln — ’70n|a) ,ysa
1 o 1
=5 (’Yno\o + Yoo — 70n|0) YU+ B} (’Yna|0 + Yoaln — ’YOn\a) Y
1 sa 1 pr Pp sa
- 5 (70a|n - 70n|a) 2 kpln — * nplk g -

Moreover, from Lemma 1.1 we have that Fp kpln = F k- Hence F =0.

Ad. (b), (c). These statements follow from deﬁmtlon of Lev1 Civita
connection, Theorem 1.2 and simple calculations.

Ad. (d). Similarly as above, we have

as

- 1
Finn = 5 (7moz|n + Ynalm — ’Ymn|a) Y

1 w1
= 5 (’Ym0|n + YnOlm — 7mn|0) Y+ 5 (7ma|n + Tnalm — ’Ymn\a) Y

as

Ty T+ Ty + ¢TI0, Tl g% (FthT[a‘nJ + T8I, })
— 1"5

mn?

since from Lemma 1.1 we have Fr[a‘ m] = =0 and FT[GM =0.
Ad. (e). From the formula for a Levi-Civita connection and Theorem 1.2

we have

~ 1
F(T)nn = 9 (7ma|n + Ynalm — ’Ymn\a) '7&0

= 5 (7m0|n + YnOjm — 7mn|0) v+ 5 (’Yma|n + Ynalm — 7mn|a) Y

= Dimjmy (1 + "5, 15) = Th,15

irt js mn= js

a0

gaJPjs (Fmtrr[a\n} + Fntrr[a\ m] + Fr 1_‘t(m|n))
= I‘t(m|n) (1 + gljrfrrjs) annrjs a]rjs 27‘ t(m|n)

th|n Finnrjsﬂ
: t t
since Ft(m|n) thln O

Corollary 2.1. If n = m then Christoffel symbols for lifted metric v are
given by the following formulas:

s _ 1S

I‘m me?

70  _ 1P J t
[0, =T —Th,.T%.

Let R be the curvature tensor of a Riemmanian manifold M and let Rfjk
be coefficients of R. Then Rfjk is expressed in terms of the coefficients F,’fj
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of the Riemannian connections by the formula (see [2])
! !
R = Til'5 — Tl + Uiy — Dl

Theorem 2.2. Let R"ﬁ be the coefficients of the curvature tensor R of the

lifted metric v. Then Rg are related to the curvature tensor Rijk of the
matric g by the following formulas:

(a) Ef)jo =0,
(b) Rijo =0,
() R(s)]k: 0,
(d) R ”k R”kf‘tt—i—QFbka'l],

(e) Rjjy, = Rij
Proof. Ad. (a). From the definition one get
- S s S s = -
Rjo = Tool't; — Tjol'lo + oop; — Dojo-

From Theorem 2.1 we have ffo = (0. Hence Egjo =0.

Ad. (b), (c), (e). These statements follow from definition, Theorem 2.1
and simple calculations.

Ad. (d). From Lemma 1.1 we have Fimk = Fikln. Hence F Hij) = Fillj.
Next, we have
RYy = Plkr — L I% + T — Dokl
=T (Ftl|j - ?ijzt> — T, (Fim - E'Ffw)
+ (thtz‘|k Iy )‘ - (Fij\k - F?krfzt%
= sz <Flkr - szr I Pq]lk:\z - F?k\j) + ijrnt|z - szrnt\j
= _Rijkr + zr[jkrnth]
d

Let Ry, = Rfjk be the coefficients of the Ricci tensor ([2], [8]). Then from
Theorem 2.2 we get directly

Theorem 2.3. Let Eag are the coefficients of a Ricci tensor of the lifted
metric v. Then

(a) Roo =0,

(b) Rip =0,

(¢) Rir = R,
where R;; are the coefficients of Ricci tensor of g on the Riemannian man-
ifold M.
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Theorem 2.4. Let K be a scalar curvature of the lifted metric v. Then
~ -1
K="""k
n+1

where K is a scalar curvature of g on a Riemmanian manifold M.

Proof. From the definition of the scalar curvature, Theorem 2.3 and for-
mula for (7%) we have

- 1 ~ 1 : n—1
K=—" Ry"v*=—"— Rig"* = K.
n(n+1) ik n(n+1) ik n+1
O
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