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On the Ehresmann prolongation

ABSTRACT. We determine all natural operators transforming general connec-
tigns I' : Y — J'Y into second order semiholonomic connections ¥ : ¥ —
JY.

Introduction. Let M f,, be the category of m-dimensional manifolds and
local diffeomorphisms, FM,, be the category of fibered manifolds with m-
dimensional bases and fiber respecting mappings with local diffeomorphisms
as base maps and FM,, , be the category of fibered manifolds with m-
dimensional bases and n-dimensional fibres provided with locally invertible
fiber respecting mappings. Further, let J'Y, J Y, J'Y denote the ho-
lonomic, semiholonomic and nonholonomic jet prolongations of a fibered
manifold Y — M, respectively, [4], [6].

In this paper we study natural operators transforming connections I' :
Y — J'Y into second order semiholonomic connections ¥ : Y — J°Y. In
what follows we essentially use the Ehresmann prolongation, [3], due to the

property that its values lie always in jQY, [11]. Thus we first recall the
definition of Ehresmann prolongation as well as its coordinate expression
and further, by a classical procedure, we determine all natural operators in
question.
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The motivation for our problem comes from the field of prolongation of
principal connections. It turns out that natural operators transforming gen-
eral connections I' : Y — J'Y into higher order connections ¥ : Y — J'Y
as well as into their semiholonomic and nonholonomic analogues seem to
be a useful tool for the description of principal connections on higher order
principal prolongations W"P of a principal bundle P — M, [6], [10]. We
recall that the classification of all gauge natural operators transforming a
connection on a principal bundle P — M and a linear symmetric connection
on the base manifold M into a connection on the first order principal pro-
longation WP is known and can be found in [9]. But for higher orders the
situation is much more complicated and such description still remains an
open question even due to the fact that among higher order prolongations
we have to distinguish the holonomic, semiholonomic and nonholonomic
case.

Finally let us mention that the procedure of finding natural operators
used in this paper is classical and its complete description can be found in
[6]. A good example of its application can be also found in [8]. But this
method becomes rather technically complicated when we try to determine
operators transforming general connections I' : ¥ — J'Y into higher or-
der connections ¥ : Y — J"Y (or their semiholonomic or nonholonomic
analogue) and thus these operators remain unknown for r > 2.

1. Foundations. Let p : Y — M be a fibered manifold. By (z¢), i =
1,...,m we denote the local coordinates on M and by (x%,y), i =1,...,m,
p=1,...,n the local coordinates on Y. Given a fibered manifold p: ¥ —
M, let us denote by J'Y — M its r-th jet prolongation, that is the space
of r-jets of local sections M — Y. In what follows, J"Y will be called
the r-th holonomic prolongation of Y. Recall that the r-th nonholonomic
prolongation J"Y of Y is defined by the iteration

v =Jv, Jy=J (jHY . M> .

Clearly, we have an inclusion J"Y C J”Y given by gty = (7 y). Fur-
ther, the r-th semiholonomic prolongation JY C JY is defined by the
following induction. First we denote by 31 = fy the projection J'Y — Y
and by (3, = 35,_1, the projection JY = JL-ly — j“lY, r=23,....
Then we set 7Y = J'Y and assume we have 7 Y C J™~'Y such that
the restriction of the projection 3,_1 : Jly — g2y maps 7Y into
7 7%Y. Then we can construct JBr_1 : JTY = 7Y and define

T

TY = {A e JNTY; Bi(A) e T‘ly} .

We recall that the induced coordinates on the holonomic prolongation J"Y’
are given by (z°,yh), where « is a multiindex of range m satisfying |a| < r.
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Clearly, the coordinates yh on J"Y are characterized by the full symmetry
in the indices a. Having the nonholonomic prolongation J"Y constructed
by the iteration, we define the local coordinates inductively as follows:

1) Suppose that the coordinates on J™=1Y are of the form
<1L‘i, yankr—l) s k‘l, ceey ]{JT,1 = O, 1, ey M.

2) We define the induced coordinates on JY by

: 0
v P R D _ D
<x v Yk kre10 = Yioy kom0 Yhey i T 7axiyk1...kr_1 .

It remains to describe coordinates on the semiholonomic prolongation J' Y.
Let (k1,...,ky), ki,..., k- = 0,1,...,m be a sequence of indices and de-
note by (k1,...,ks), s < r the sequence of non-zero indices in (ki,...,k;)
respecting the order. Obviously, the point (xi,yﬁll_'kr) e JY belongs to
J'Y ifand only if g}, =y , whenever (ki,...,k.) = (l1,...,l;). Thus
the coordinates on J' Y are a:i,yflmis, s = 0,...,r, which are arbitrary in
the subscripts. Further, the elements of J'Y C J' Y are characterized by
the full symmetry in all subscripts.

Now we recall that general connection on a fibered manifold p: Y — M
can be defined as a section I' : Y — J'Y of the first jet prolongation
JY — Y or, equivalently, as a lifting map I' : Y x; TM — TY. In local
coordinates, a general connection I' is given by

dy? = F(z,y)da’,

where F?(x,y) are smooth functions.

Further, let J'Y — M be the r-th nonholonomic jet prolongation of
a fibered manifold p : Y — M. In general, an r-th order nonholonomic
connection on Y is a section I' : Y — J'Y. Such a connection is called
semiholonomic or holonomic, if it has values in J' Y or in J'Y, respectively.

Let us recall that by curvature C(I') of a connection I' on Y — M we
understand a map

C(T):Y xp A°TM — VY
defined by
C(D)(y, X, Z) = (F([Xa Z]) - [FXvFZ]) (y)

for any vector fields X,Z on M and y € Y, where I'’X means the I'-lift
of the vector field X and [, ] denotes the Lie bracket. Using the above

notation for the local coordinates, the curvature C'(I') of a connection I' has
the following coordinate expression:

P P . .
dy? = <6Fj + ?Fiq) dz’ A da?.

Ozt y4q
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2. Ehresmann prolongation. Given two higher order connections I' :
Y = JY and T : Y — J®Y, the product of I and T is the (r + s)-th order
connection I' *xT : Y — J"+5Y defined by

I'«T=JToT,
As an example we show the coordinate expression of an arbitrary non-

holonomic second order connection and of the product of two first order
connections. The coordinate form of ¥ : Y — J2Y is

vl =Flwy), vh=Gllay), vl =Hiy),

where F,G, H are arbitrary smooth functions. Further, if the coordinate
expressions of two first order connections I',T : Y — JY are

I: ¢ =F(z,y), T: oy =0Gz,y),

then the second order connection T' T : Y — J2Y has equations

Yoi = GY

OF?  OFP
D _ 7 ) q
Yii = D + Oyt G-

For two first order connections I' and T the product T T : Y — J2Y is
semiholonomic if and only if I' =T', [5], [11].

Considering a connection I' : ¥V — J 1Y, we can define an r-th order

connection T~ : Y — J'Y by

rV:.=T«Ir=JTol, T V.=102yp=jr0-2or,
The connection "1 is called the (r — 1)-st prolongation of I in the sense
of Ehresmann, shortly (r — 1)-st Ehresmann prolongation.

As an example we recall the coordinate expression of I'Y). Let Y=
FP(z,y) be the coordinate expression of a connection I' : Y — J'Y. Then
the connection T = T+ T : Y — J°Y has equations

OFF  OFP
P _ pp p _ 9y i g
y, = I, Yij = B + 8quj.
For our purposes the following proposition is essential as it explains the

use of Ehresmann prolongation for the semiholonomic version of the opera-
tor in question:

Proposition 2.1. The values of =Y lie in the semiholonomic prolonga-
tion J'Y and T~V is holonomic if and only if T is curvature free.

For the proof see [5], [11].
For second order nonholonomic connections we have the following iden-
tification only, [6]:
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Proposition 2.2. Second order nonholonomic connections on' Y — M are
in bijection with triples (U',T,X), where I',T : Y — J'Y are first order

2
connections onY — M and X :Y — VY @ QT*M is a section.

3. The main result. In this section we find all natural operators trans-
forming a connection I' : Y — J'Y into a second order semiholonomic
connection ¥ : Y — 72Y.

Given the local coordinates (aci,yp,yf ,yfj) on jQY, we have a natural

map e : 7Y — J°Y with the coordinate expression
Vi =Y Y =Y
see [6].
I. Kolar and M. Modugno proved in [7]

Proposition 3.1. All natural transformations 7T form a one param-
eter family
X — kX + (1 —-k)e(X), keR.

Now we are ready to formulate

Proposition 3.2. All natural operators transforming first order connection

T:Y — J'Y into second order semiholonomic connection Y — J Y form
a one parameter family

(1) F—k-T*«D)+ (1 —k)-el=I), k € R.

Proof. The proof has three steps typical for this method.

Step 1. First we determine the first order operators. According to the

general theory, [6], it is enough to find all G%w—equivariant maps (J1J)y —

(jQ)o of the standard fibers, where G%%n is the group of all r-jets at 0 €

R™*" of fibered manifold isomorphisms f : (R™*" — R™) — (R™™" —

R™) satisfying f(0) = 0. This leads to the G2, -equivariant maps
f:59—2

over 0 € R™™ where S = J3(JHR™™ — R™) — R™™) and Z =

jg(R’"*” — R™). Let us denote the local coordinates as follows:

St (y’:"’— Oy 4 0yi p _ 8yf)

9z Vi T g Yia T Oyl
z: (2.2

. 2 . . .
We have to determine all Gy, | -equivariant maps
ZY = f7 v viy)

Z8 = [ f vi Yig)s
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which express the coordinate form of the natural operators in question.

Let L"(p) C Ly, ,, = Jg(R™,R")g be the subgroup of the r-jets of the
diffeomorphisms z* = 2%(x), y? = yP(z,y) preserving the fibration R™*" —
R™. In particular, the coordinates on L?(p), which correspond to the values
of the partial derivatives of 2 and y” at the origin are

p p

at.. a?

i % p P
gy Qjgy iy Ggy @ qir Qqr

70 q’ ij’
and the coordinates of the inverse elements will be denoted by a tilde. Eval-
uating the effect of the isomorphisms in FM,, , and passing to 2-jets, we

obtain the following transformation laws on 57, i.e. the action of the group
L?(p) on Sy, see [6]:

=P _ D, 4] p~J
(2) Ui = agy;a; + a;a;

—p __ p,T =5%] p 28] P ~r~jJ
(3) Yig = OY5s0qa; + af Yy aga; + a,;aga;

P 4P, kol p, 4 =Tk P 47kl p 45k
Yij = qYp Qi G5 + ¥, a;0; + Gy ypa; G5 + Qg Ypa;a;

p, 4=k P ~k~l P ~q~k P~k
+ Yy s + gy A + akqajai + Q-

Further, the transformation law of the induced coordinates Z7, ij is of the
form

7P _ o p74%] ]
(5) Z; = ayZja; + aja;
7P przq ~k~l D T r7q~k~l1 P 791~k
©) Zij = g Ly 05 5 + Gg 23, 2 G5 Gy + Gy Z) G505
k

P 7q~k~l p 741 P ~l~k P~
+ aqul asa; + anl a;; + aya;a; + apag;.

p
. . i
mined by aj = kd}, ah = 6, yields

kIP = £ (kyl, K2 kyl,)

2 2
while the equivariance with respect to the fiber homotheties determined by
aj = 6;, ah = k&l gives

a;

The equivariance of f!’ and with respect to the base homotheties deter-

kff = 17 (ky kyi, vi)
kff = 1 (ky kg, vin)-

By the homogeneous function theorem, [6], f are linear in y? and do not

depend on yfj and yfq, while Z are linear in yfj and bilinear in yfq and y!.
So according to generalized invariant tensor theorem, [6], we have

I =ay;

= Kyl + Ryl + ksylyyd + kaylul + ksylyl + keyl, vy
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where a, k1, ..., kg are real constants. If we consider the full equivariance

with respect to the subgroup determined by a} = 5;-, ah = 8%, we obtain

ki+ko=1, ks+ks=1, ki =ks and ko = k4.
This implies, that the coordinate expression of f is of the form

Zl =y, Zh=k-(ytugy) + =k by, kER,

which corresponds to (1).
Step 2. Assume we have an r-th order operator J! ~ 7o corresponds

to a Goil -equivariant map from the standard fibre S, := Jj(J'(R™+" —

R™) — R™*™") into Z. Denote by yfaﬁ the partial derivative of y? with

respect to a multiindex « in 2* and 3 in y?. Then the associated map of
our operator has the form

Z; = [(Yiap),  Zi; = [1;(Yiap)

where |a| + |5 < r. Using the base homotheties we obtain
kf = fip(k|a|+1yipaﬁ)'

Hence f? are linear in y” and independent of any variables |a| > 1. The
fiber homotheties imply that f7 are linear in coordinates with |3| = 0 and
independent of the coordinates with |3] > 1. Thus f{ = ay;. For f[ the
base homotheties yield

(7) K215 = ok )

so that f;} are bilinear in coordinates with || = 0 and linear in coordinates
with |a| = 1. The fiber homotheties imply

(8) ki = 1 Plyiag).

Combining (7) and (8) we deduce that fg are independent of y;n3 with
|a| + |B] > 1, which is the operator of order 1.

Step 3. According to the finite order theorem, [6], every natural operator
of our type has finite order.

This completes the proof. ]

Remark. In other words, all natural operators from Proposition 3.2 can
be obtained from the Ehresmann prolongation I I' by applying all natural

transformations J- — J- from Proposition 3.1.
Clearly, (1) can be written also as

9) D= T*D)+ ¢+ —e(l*I)), teR.
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We recall, that the difference tensor 6(U) of a semiholonomic 2-jet U C 7Y
is the map ¢ : TY = VY @ A2T*M defined by 6(U) :== U — e(U), in local
coordinates
0(ys;) = Yoy — Y-
Obviously, in our situation ¢ corresponds to the term I'«I' —e(I'«I") in (9).
Further, we can consider the connection I'I" as a section ¥ — 72Y. The
bundle 7Y — J'Y is an affine bundle with the associated vector bundle

2
VY @ @T*M = (VY @ S°T*M) & (VY @ A°T*M),

where the second part is determined by the values of the difference tensor 6.
The coordinate expression of (9) implies, that if I is curvature free, then the
difference tensor is zero and thus the associated vector bundle is reduced to
the symmetric part. This corresponds to the subbundle J?Y — J'Y. We
showed above, that if I" is curvature free, the connection I' * I has values in
holonomic jet prolongation J2Y, see also [11].

We remark that A. Cabras and I. Kolar have systematically studied the
prolongation of second order connections to vertical Weil bundles VAY —
M. Further, M. Doupovec and W. M. Mikulski [1] have characterized all
bundle functors F on FM,,, which admit natural operators transforming
higher order connections on ¥ — M into higher order connections on F'Y —
M. The same authors have also introduced the prolongation of higher order
connections to higher order jet bundles by means of some auxiliary linear
connection A on the base manifold, [2].
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