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Concentrations of impurities in fluids often follow Zipf’s law, that is,
relatively few impurities occur at high concentrations and numerous
impurities occur at low concentrations. The concentrations of compounds in
air and of elements in ocean water are examples of such distributions. This
principle can be used to predict the number of components in a mixture,
which occur above certain concentration level, also beyond the range of
analytical methods. In most practical applications the existence of minor
components can be ignored, but the level of concentration, at which certain
component can be ignored depends on the specific problem.

1. INTRODUCTION
The specimens of practical importance, even allegedly pure chemical reagents
are mixtures of many components, and actually pure chemical compounds or
elements are encountered very seldom. The minor components have usually
limited effect on the properties of the specimen, and they are often ignored.
Negligence of minor components can be considered as a physical model, that is,
a mixture is modelled as a single component (e.g., distilled water as pure H2O) or
as a mixture of a few major components (e.g., air as a mixture of nitrogen and
oxygen).
Any extensive property XYZ of a mixture can be modelled as
XYZeffective=Σ hiXYZi
♣
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where
hi=ni for xi>ε and hi=0 for xi≤ε

(2)

where ni is the number of moles of component i, xi is its mole fraction, and ε is
an arbitrarily selected number <<1.
Likewise, many intensive properties can be modelled as
XYZeffective=Σ giXYZi

(3)

where
gi=xi for xi>ε and gi=0 for xi≤ε

(4).

This type of modelling is used so often, that the model is often confused with
the physical reality, that is, minor components are completely forgotten (treated
as non-existing). Indeed, in most practical implications, the negligence of minor
components is acceptable, but in several other applications the negligence of
minor components leads to erroneous or senseless results. In several equations
used in chemistry, e.g., the Nernst equation for the electrode potential a
concentration (activity) of a component is in denominator. For such equations, a
model, which excludes a possibility of zero concentration of any component is
more suitable than a model described by Eq. 1–4. The popularity of homeopathy
in the contemporary society is another spectacular example of misunderstanding
the state and role of the minor components in solution. The example of
homeopathy is discussed in more detail in a separate section.
The main difficulty in the discussions of the minor components is that their
concentrations are often below the detection limit of available analytical
methods, thus the information about their nature and concentrations are not
explicitly available. The model presented below makes it possible to handle a
distribution of concentrations of unidentified components. The “Zipfian”
approach discussed in the next section is may also be useful in classroom
teaching (e.g., of students of medicine) as a tool for semi-quantitative handling
of the minor components in fluids.
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2. ZIPF’S LAW
Sizes of all sets, which belong to the same category, often have the following
distribution:
x(r)=Cr-α

(5)

where x is the size of the r-th largest set, and C and α are empirical constants
characteristic for the assembly of sets of interest. Equation (5) expresses Zipf’s
law, which was originally found for usage of words in English, namely, the most
frequent word occurs twice as often as the 2nd most frequent word, 3 times more
often than the 3rd most frequent word, etc. Thus, in the original Zipf’s law α=1,
and Eq. (5) is a generalization. The actual phenomena show deviations from
Zipf’s law, and the term “Zipfian” is also used for distributions in which x(r)≈
Cr-α. Other applications of Zipf’s law are: population of cities, family names and
other demographic data, income of people, revenue of companies, and other
economic data, sizes of files, Internet visits, and other computer-related data, and
science citations and other scientometric data [1,2]. Zipf’s law is empirical, but
numerous explanations for Zipfian behaviour have been offered [1,2]. The
hypotheses about the physical basis of Zipfian distribution are not of primary
interest in the present study and they will not be discussed here.
In Zipfian distribution the smallest sets are most frequent. In contrast, in
many other phenomena a normal or log-normal distribution of sizes of sets is
observed, in which the smallest sets are less frequent than middle-sized sets.
I argue that Zipfian approach is useful in description of distribution of
concentrations of impurities in actual specimens of fluids. The important
difference between the discussed above examples of Zipfian behaviour and the
concentrations of impurities is that in glottometrics, economy, demography etc.,
complete experimental data, also for the smallest sets in the assembly of interest
is available. In contrast, the availability of concentrations of the least abundant
components in a mixture is limited by the detection limits of analytical methods.
In order to test the above hypothesis two well documented data sets were
selected. The compositions of other mixtures are usually less well documented.
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2.1. CASE STUDIES
2.1.1. Air
Air has nearly constant composition except for the fraction of water, which is
variable. Figure 1 shows the volume fractions of components of dry and wet air
(chemical compounds) ranked from the most abundant to the least abundant. The
results are plotted in log-log coordinates, in which Eq. (5) produces a straight
line with a slope of -α. The composition of dry air represented by data points was
taken from [3], except the volume fraction of CO2 was set to 3.5×10-4. Similar
composition is reported in other sources [4]. In wet air, a typical value of the
volume fraction of water of 0.01 was arbitrarily assumed. For both dry and wet
air the composition was normalized to produce a sum of volume fractions of 1.
The lines are the best-fit straight lines, with C=0.97 and α=7.07 (wet air), and
C=0.68 and α=7.22 (dry air). Four least abundant components were rejected in
the calculations. The straight lines corresponding to Eq. (5) reasonably
reproduce the actual volume fractions of the 2nd-13th most abundant components
of dry air and of the 2nd, 3rd, and 5th–14th most abundant components of wet air,
and the volume fractions of the most abundant component (nitrogen), and of the
least abundant components are severely overestimated (log scale!). The range of
the validity of Zipf’s law may be wider than Figure 1 suggests. Namely, the data
on volume fractions of components found in literature and used in Figure 1 is not
complete. Sum of NO and NO2 volume fractions appears as one entry, and
ozone, and numerous anthropogenic impurities, e.g., freons, chlorine, benzene,
and other low molecular organic compounds are neglected. Volume fractions of
these components may be higher than the lowest volume fractions shown in
Figure 1. The extrapolation of data reported for the 2nd–13th most abundant
component by means of Eq. (5) predicts presence of 16 substances at a volume
fraction >10-8, of 23 substances at a volume fraction >10-9, of 32 substances at a
volume fraction >10-10 (volume fractions) in dry air, which is possible,
considering the mentioned above anthropogenic impurities. With exceptions of
hydrogen and He, all components considered in Figure 1 have molecular masses
of the same order of magnitude, and re-analysis of air composition in terms of
mass fractions produces similar results.
2.1.2. Ocean water
Figure 2 shows the mass fractions of elements in ocean water ranked from the
most abundant to the least abundant. Almost all natural elements are taken into
account in Figure 2. The results are plotted in log-log coordinates. The
composition of ocean water represented by data points was taken from [4],
except the mass fraction of nitrogen was set to 1.55×10-5 (rather than the

286

M. Kosmulski

originally reported 5×10-7), and the mass fractions were normalized to produce a
sum of 1.

Fig. 1. Distribution of the concentrations of chemical compounds in air.

Mass fraction of nitrogen of >1×10-5 is reported in several sources, which is
substantially higher than that reported in [4]. The mass fractions of elements
other than nitrogen reported in different sources are consistent. The line in
Figure 2 corresponds to Eq. (5), with C=2.7 and α=7.95, and it reasonably
reproduces the actual mass fractions of the almost all elements. Only the mass
fractions of 2 most abundant elements (oxygen and hydrogen), and of 4 least
abundant elements are severely overestimated. Thus the distribution of elements
in sea water is nearly Zipfian. The data points in Figure 2 fit Eq. (5) surprisingly
well. Usually Zipf’s law holds for large assemblies (thousands of words of
English, income of millions of people), and fails for small assemblies
(aminoacids in natural proteins, letters of alphabet). It should be emphasized
that the distribution of elements in Earth crust [4] follows the log-normal
distribution rather than Eq. (5).
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Fig. 2. Distribution of the concentrations of chemical elements in ocean water.

3. DISCUSSION
Air (section 2.1) and sea water (section 2.2) are examples of homogeneous,
fluid, one phase-systems, and they can be considered as samples of N2+O2
mixture and of H2O, respectively, both containing impurities (all other
compounds/elements indicated in Figures 1 and 2). In both cases distribution of
concentration of the impurities is nearly Zipfian. The Zipf’s law holds for
concentrations expressed in terms of chemical elements or of chemical
compounds, as volume (mole) fraction or as mass fraction. Entropy is
responsible for occurrence of small amounts of many compounds in fluid phases.
It can be hypothesized that in other, less well documented fluid one phase
systems, e.g., distilled water, high-purity chemical reagents, etc., the
distributions of concentrations of the impurities are also Zipfian. Certainly, the C
and α in Eq. (5) in other mixtures can be very different from those found for air
(section 2.1.1) and for sea water (section 2.1.2). The parameters of the
distribution can be estimated from the concentrations of the most abundant
impurities as it is shown in Figure 1 and 2. In two studied cases α>>1, and this is
why a few most abundant components constitute almost entire mass (volume,
number of atoms) of the sample. With α=1 (observed in other applications of
Zipf’s law) the contributions of less abundant components to the entire size of
assembly is more significant.
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Usually the knowledge of concentrations of less abundant impurities is of
limited practical importance, and the properties of the mixture depend on the
most abundant components. For example artificial sea water for laboratory tests
is prepared by dissolution of a few salts in water and most elements indicated in
Figure 2 are not used. Very often calculations with very few (e.g., 2 in the case
of air) most abundant components are sufficiently precise for certain purposes,
and the other components can be neglected. Such an approach is a model rather
than physical reality. The real world is Zipfian with α>>1, and its model analysis
is similar to truncation of terms in a series in mathematics. The number of terms
taken into calculation is a compromise between precision and difficulty. The
impurities are especially important in adsorption and catalysis, when a minor (in
terms of mass fraction) component can substantially affect interfacial tension
and reaction rate. Surface tension is often used to test the purity of water. Thus
the answer to the question, which components of a mixture are important, and
which may be truncated is not always obvious. The surface active components
may be difficult to detect by usual analytical methods, and Zipf’s law may be
useful in prediction of their concentration levels.
4. CONSECUTIVE DILUTIONS
The possibility to obtain very dilute solution by a series of consecutive
dilutions of more concentrated solution is an example of practical problem
related to the Zipfian approach to concentrations of impurities. For example 1
cm3 of 1 M aqueous solution diluted with water to 1 dm3 produces 10-3 M
solution. The 10-3 M solution can be used to obtain 10-6 M solution in an
analogous way. The next dilution would produce 10-9 M solution, etc. However,
the number of consecutive dilutions, which still produce solutions of controlled
concentration of the solute of interest is limited by the fact, that the solvent
(water) used for dilution contains certain amount of that solute, at a
concentration, which is unknown, but greater than zero. This concentration is
negligibly low by preparation of 10-3 M solution by dilution of 1 M solution, but
it becomes significant at certain level of dilution, e.g., from 10-9 to 10-12 M. The
lower concentration limit of the method of consecutive solution is determined by
the concentration of that solute in the solvent, which varies from one solute to
another, and equation (5) (with coefficients estimated from the analysis of
solutes, which are within the detection limit of standard analytical methods)
allows semi-quantitative approach to this problem. Several examples of very
dilute solutions (down to a few atoms per cm3) allegedly obtained by a method of
consecutive dilutions can be found in the scientific literature, and homeopathy is
an example of ignoring the Zipfian character of concentration distributions [5].
The principle of homeopathy is based on the assumption that very dilute
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solutions (down to a fraction of one molecule per liter) can be obtained by a
series of consecutive dilutions, and this assumption is incorrect. Widespread
popularity of homeopathy indicates, that the presence of impurities in water at
low, but non-zero concentrations is not realized in the community of physicians.
5. SPECIATION IN SOLUTION
Speciation in solution is another problem related to Zipf’s law. Let us
consider a solution containing a metal cation Me2+ and a ligand L-. These ions
form several complexes (species) [MexLy]2x-y, which differ in their stability and
in their abundance. The number of various complexes may be substantial, but
this is not practical to consider them all, for the same reason as it is not practical
to consider all possible impurities (vide infra). Therefore only a few most
abundant (most stable) complexes are taken into account (for example: [MeL]+,
[MeL2]0 and [MeL3]- ), and the other complexes are ignored. The fact that certain
complex was ignored does not imply its nonexistence, but it only indicates its
negligible concentration. The difference in stability and concentration between
the least abundant considered species and the most abundant neglected species
may be substantial, but the stabilities (concentrations) may also be uniformly
distributed over the log scale (Zipfian distribution), and in the later case, the
difference in stability and concentration between the least abundant considered
species and the most abundant neglected species may be rather insignificant. The
decision, which species should be taken into account, and which should be
ignored is a question of subjective choice. For instance in the discussed above
Me2+-L- system, certain authors may consider only 3 complexes: [MeL]+,
[MeL2]0 and [MeL3]-, but other authors may also consider an additional species,
e.g., [MeL4]2- which is less abundant than [MeL]+, [MeL2]0 or [MeL3]-, and more
abundant than any other complex. Both models (with 3 and with 4 complexes)
involves the stability constants of the complex species. The numerical values of
the stability constants of the [MeL]+ -, [MeL2]0 and [MeL3]- complexes (which
are considered in the both models) in a model with 3 complexes (neglecting the
[MeL4]2- complex) is different from the stability constant of the same complexes
in a model with 4 complexes, and the difference depends on the α parameter in
Eq. (5). In other words, a stability constant taken from the literature should be
considered as a part of a model involving certain complex species and neglecting
other complex species, and it must not be used outside that model. Especially it
must not be combined with stability constants of other complexes determined
within other models. This statement may seem trivial, but a principle of notcombining stability constants of complexes determined within different models
is not generally observed. Examples of combining stability constants of metal
complexes taken from different literature sources (and most likely obtained in
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the original literature within different models) can be found in several recent
publications [6-10].
6. CONCLUSION
The common property of concentration distributions in fluids is that relatively
few compounds/elements/species are present at high concentrations, and many
compounds/elements/species are present at low concentrations. In most practical
applications the existence of minor components can be ignored, but the level of
concentration, at which certain component can be ignored depends on a specific
problem of interest. The description of the real systems neglecting the minor
components is a model, which has certain limitations.
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